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George owns a garage and he records the mileage of cars, x thousands of miles, between
services. The results from a random sample of 10 cars are summarised below.

Zx ~ 1134 sz — 1414.08

The mileage of cars between services is normally distributed and George believes that the
standard deviation is 2.4 thousand miles.

Stating your hypotheses clearly, test, at the 5% level of significance, whether or not these
data support George’s belief.

(7

Every 6 months some engineers are tested to see if their times, in minutes, to assemble a
particular component have changed. The times taken to assemble the component are normally
distributed. A random sample of 8 engineers was chosen and their times to assemble the
component were recorded in January and in July. The data are given in the table below.

Engineer A B C D E F G H
January 17 19 22 26 15 28 18 21
July 19 18 25 24 17 25 16 19

(a) Calculate a 95% confidence interval for the mean difference in times.
)

(b) Use your confidence interval to state, giving a reason, whether or not there is evidence of
a change in the mean time to assemble a component. State your hypotheses clearly.

(&)
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An archaeologist is studying the compression strength of bricks at some ancient European
sites. He took random samples from two sites 4 and B and recorded the compression strength
of these bricks in appropriate units. The results are summarised below.

Site Sample size (1) Sample mean () Standard deviation (s)
A 7 8.43 4.24
B 13 14.31 4.37

It can be assumed that the compression strength of bricks is normally distributed.

(a) Test, at the 2% level of significance, whether or not there is evidence of a difference in
the variances of compression strength of the bricks between these two sites. State your
hypotheses clearly.

(©))

Site A is older than site B and the archaeologist claims that the mean compression strength of

the bricks was greater at the younger site.

(b) Stating your hypotheses clearly and using a 1% level of significance, test the
archaeologist’s claim.

()

(c¢) Explain briefly the importance of the test in part (@) to the test in part (b).

0y
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A random sample of size 2, Xi and X>, is taken from the random variable X which has a

continuous uniform distribution over the interval [-a, 2a], a > 0.

(a) Show that X = X, ;XZ is a biased estimator of ¢ and find the bias.

The random variable Y= kX is an unbiased estimator of a.

(b) Write down the value of the constant k.

(¢) Find Var(Y).

The random variable M is the maximum of X; and X>.

The probability density function, m(x), of M is given by

2(x+a) —a<x<2a
m(x) =< 9a’
0 otherwise

(d) Show that M is an unbiased estimator of a.

Given that E(M?) = % a’.

(e) find Var(M).

(f) State, giving a reason, whether you would use Y or M as an estimator of a.

A random sample of two values of X are 5 and —1.

(g) Use your answer to part (f) to estimate a.

(&)

0y

(C))

(C))

0y

2

0y
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Water is tested at various stages during a purification process by an environmental scientist.
A certain organism occurs randomly in the water at a rate of 4 every 10 ml. The scientist
selects a random sample of 20 ml of water to check whether there is evidence that 4 is greater
than 1. The criterion the scientist uses for rejecting the hypothesis that 4 = 1 is that there are 4
or more organisms in the sample of 20 ml.

(a) Find the size of the test.

(0))
(b) When A = 2.5 find P(Type II error).

(0))

A statistician suggests using an alternative test. The statistician’s test involves taking a
random sample of 10 ml and rejecting the hypothesis that A = 1 if 2 or more organisms are
present but accepting the hypothesis if no organisms are in the sample. If only 1 organism is
found then a second random sample of 10 ml is taken and the hypothesis is rejected if 2 or
more organisms are present, otherwise the hypothesis is accepted.

(c¢) Show that the power of the statistician’s test is given by

1 —e?— (1 + e
)

Table 1 below gives some values, to 2 decimal places, of the power function of the
statistician’s test.

A 1.5 2 2.5 3 3.5 4
Power 0.59 0.75 0.86 r 0.96 0.97
Table 1

(d) Find the value of r.
1)

Question 5 continues on page 6
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Question 5 continued
For your convenience Table 1 is repeated here.

A 1.5 2 2.5 3 3.5 4
Power 0.59 0.75 0.86 r 0.96 0.97
Table 1

Figure 1 shows a graph of the power function for the scientist’s test.

(e) On the same axes draw the graph of the power function for the statistician’s test.

2

Given that it takes 20 minutes to collect and test a 20 ml sample and 15 minutes to collect and
test a 10 ml sample

(f) show that the expected time of the statistician’s test is slower than the scientist’s test
a1
for de™* > 3

(C))

(g) By considering the times when 4 = 1 and 4 = 2 together with the power curves in part (e)
suggest, giving a reason, which test you would use.

2

Ll

Power

1.0

0.8

0.6

0.4 4 Soientist’s test

0 1 > 3 4

Figure 1
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The carbon content, measured in suitable units, of steel is normally distributed. Two
independent random samples of steel were taken from a refining plant at different times and
their carbon content recorded. The results are given below.

Sample A4: 1.5 0.9 1.3 1.2
Sample B: 04 06 08 03 0.5 0.4
(a) Stating your hypotheses clearly, carry out a suitable test, at the 10% level of significance,

to show that both samples can be assumed to have come from populations with a
common variance o>

)

(b) Showing your working clearly, find the 99% confidence interval for ¢ based on both
samples.

(6)

TOTAL FOR PAPER: 75 MARKS
END
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Question Scheme Marks
Number
1. H,:0?=24> H,:0" %24 B1
2
1414.08—1Ox(1]£)'4) M1
s? = 5 = 14.236 Al
, 95 9x14.236 _ M1
7= Y 22.24375 Al
Critical Value y,?(0.025) =19.023 Bl
Significant result, there is evidence of a change in standard deviation Alcso  (7)
or the data do not support George’s belief [7]

Notes

1% B1 Both hypotheses, mustuse o . Allow H,:0=24 H,:c#24

1% M1 correct method used
1%' A1 awrt 14.2
9x"their s*"
2nd Ml 2 >~ 7
d 2.4

2" A1 awrt 22.2

2"! B1 for critical value, this should be compatible with their alternative hypothesis ( 16.919

for one tail test)
3 A1ft fully correct solution only




Question Scheme Marks
Number
2. (@ |d=Jan-June: -2,1,-3,2,-2,3,2,2 M1
d=0.375, > d?=39=5s?=54107.. ors=2.326... M1, M1
t,(0.025) = 2.365 Bl
: _ 2.326...
Confidence Interval: 0.375+ 2.365x 7 M1
= (-1.57, 2.32) (0.e.) ALALl (7)
(b) | Hoipo =0 H;ip, #0 B1
Comment that O is in the interval M1
Not sig, no evidence of a change in mean time to assemble component Alft (3)
[10]
Notes
(a) | 1 M1 for attempting differences
2" M1 for attempting d
3 M1 for attempting s,*, correct expression with their Zd2 and d or correct calculation
(to 2 sf or better)
4™ M1 for use of a correct CI formula, using a value for t and ft their values.
1" A1 for lower limit of -1.57 or -2.32
2" A1 for corresponding upper limit
S.C. Allow A1A1 for (0, 2.32)
(b) Bl for both hypotheses using
M1 for a comment about 0 being in (or out) of their interval
Al contextual conclusion — must include assemble components
S.C. If they have used difference in means test in part (a) to get the confidence interval then

award the B1 for Hy: g, —pu, =0 H,:u, —u, #0or the correct hypotheses.




Question

Scheme Marks
Number
3. @ |H,:0°,=0’y H,:c°, %05, Bl
sg”  4.37°
=—L =——=1.0622... M1Al
5,0 4.24°
F,s (0.01)=7.72 B1
Not sig, so no evidence of a difference in variances Alft  (5)
(b) | Hoiptn = tg H, @, < g B1
2 2
5,7 = A2 H12A3T _ 157538 or 5, =4.327... M1
18 P
t= iM: + 2.8985... awrt 2.9
1 1 M1A1
SpAl=tn
7 13
t,(0.01) = 2.552 Bl
sig, there is evidence to support archaeologist’s claim ALft
or there is evidence that bricks for site B have higher mean (6)
compression strength than those from site A.
© The test in (b) requires ¢°, = o°, and the test in part (a) shows that this | B1
is a reasonable assumption. (0.e.) 1)
[12]
Notes
s, 4.24° .
(a) | M1 for use of a correct formula Allow F == 237 0.941... with 0.1295..
Sg .
(b) B1if A and B not used it must be clear which is A and which is B
1% M1 for attempt to calculate s, or s*,
2" M1 for attempt correct test statistic
2" A1 ft need archaeologist’s or compression
© Need to refer to ‘allows us to assume variances the same’ and this is needed in for test.
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Question

Number Scheme Marks
4, @) | E(X)=u= 2a2—a :%; E(X)=u :% so biased estimator for a M1;Al
Bias= 2_a=_2 B1(accept +)
2 2
©)
(b) | k=2 Bl Q)
2a—-a)’ 2 2 — 2
(©) Var(x)zgzz( ) :9a :3a ; Var(x)za_ B1;B1
12 12 4 2
. 2 2
Var(Y) = k2Var(X) = 4,x % = 4x2_ -3 42 ML,AL  (4)
2 4x2 2
3 2 2a
(@) | By = 2D g | 2 B ,:(m—aﬁ—aj—(—@ﬁJ [=a] | M1ALM1d
9a 27a° 9a° | 27 9 27 9
So E(M) = a and therefore M is an unbiased estimator for a Alcso (4)
3 2 2 1 2
(e) | Var(M) = Ea -a =Ea B1 (1)
() | Var(M) < Var(Y) , so M is the better estimator of a M1, Al (2)
(9) | Maximum value =5 (B:Sft
[16]
Notes
(@) | M1 for use of formula or integration or symmetry to find E(X)
(c) | 1 B1 for use of formula for variance
2
2" B1 for use of < formula
n

M1  for k®Var(X) and ft their k
(d) | 1 M1 for attempt at correct integration of correct expression

1% A1 for correct integration

2" M1d dependent on previous M, for attempting to use correct limits

2" A1 need statement that M is therefore unbiased
(f) | M1 for comparison of their Var(Y) and their Var(M)
@ B1ft for calculation of their estimate based on their choice in (f).

If they choose Y answer is 4 (or twice their k)




Question

Scheme Marks
Number
5. (&) | Y =no. of organismsin 20 ml. Y~Po(24)
Size = P(Y > 4| Y~Po(2)), =1-P(Y<3)=1-0.8571=0.1429 M1, Al (2)
(b) | P(Type Il error) =1 - P(Y > 4| Y~Po(5)) , = P(Y < 3) = 0.2650 M1, Al (2)
(c) | X =no. of organisms in 10 ml. X ~ Po(A4)

Power = P(X > 2) + P(X =1) x P(X > 2) M1
=P(X>2) [1+P(X=1)] = [1-e 1+ 4) |x[1+ de™* | M1A1
=l-e’-let+2e" - A1+ e =1-e " - A1+ A)e ™ Alcso  (4)

(d) | r=0.92 Bl )
(€) | See Graph paper
M
1.0 4
Power I
Statitician’s test
0.8 -4 i
064 B1B1  (2)
0.4 - ' H Scientist’s test
0.2 - L
[ I I I >
0 1 2 3 4
Question Scheme Marks
Number
(f) | Expected time for statistician’s test: 30xP(X =1)+15x[1-P(X =1)] M1




(9)

= 3046 + 15(1— e ) = 15(1+ e )

slower if: 15(1+ ﬂe‘*) >20, = e >%

Ae™* with 2=11is0.36..., with 2 =2 is 0.27...s0 second(statisticians) test
is slower if 4 =1 but faster for 2 = 2. Second test is more powerful for all
A

Choose second test - more powerful and faster for A > 2

Al

M1,Alcso (4)

Bl

BL (2
[17]

Notes

(@)
(b)

(©)

(€)

(f)

(9)

M1 for correct expression for size using Po(2)
M1 for correct expression using Po(5)

1M1 for a correct expression in terms of probabilities
Alternate answer 1 —[P(X=0)+P(X=1) x P(X<1)]

2"Y M1 for an attempt at a correct equation in A

1% A1 for a correct expression in A

1"'B1 points
2" B1 curve (or straight lines)

1M1 for an attempt to calculate expected time
Alternate method 15 + 15x P(X = 1)

1" A1 for a correct expression in terms of 1

2" M1 for attempt at correct inequality

1 B1 for a comment about power & timings
2" B1 for selecting second test

Question
Number

Scheme

Marks

6. (a)

HOZJZA:JZB H1102A¢O'ZB
SA2 = (0.25)2 =0.0625 SB2 = (0.178885...)2 =0.032

Bl
B1B1




(b)

= _0.0625

©0.032
Critical Value: F,;=5.41

not sig, samples come from populations with common variance

=1.953...

, 3x0.25% +5x0.032
S,” = g
8s °
Use 02 ~ Xe

=0.04343... = (0.0284...)

1344 < 8x00434.. 51 oes

2
O

99% confidence interval is (0.0158, 0.259)

M1A1l

Bl
Alcso (7)

M1A1l
M1

B1,B1

Al (6)
[13]




